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INTRODUCTION 
This paper contains remarks of Zeman’s paper [3] which has weaker 
assumptions. In the case where Zeman’s condition 
[ai, aj] = ali + bAj + c (0.1) 
(where a, b, c E Li if ai, aj E (A)) is not met, we introduce the conditions on 
the lower order terms which make it possible to prove the uniqueness of the 
solution of the Cauchy problem for some cases. 
1 
(See Zeman [ 3, Section 1.) 
Notation. First, recall the problem. Let 
P(x,t,D,,D,)=P,tP,-,+... 
be a linear partial differential operator of order m and the Pi are 
homogeneous of order i in (D,, DJ 
x = (X1) x* ,..*, x,) E R”, tE RL. 
Let I),Jx, t, c, r) be the leading symbol of P, where < = (<, ..., &,) E R”, 
XEIR”, tell?‘. 
Assume that the hyperplane t = 0 is not characteristic at the origin, i.e., 
p,(O, 0, 0, 1) # 0. The Cauchy problem is to find a solution u of Pv =f in a 
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neighborhood of r = 0 with given (say homogeneous) Cauchy data on the 
plane t = 0: Gij~l,=~ = 0, j= 0 ,..., m - 1. For an n-tuple a = (OL, ,..., cr,,) of 
non-negative integers, we write 
15; is the class of pseudo-differential operators on order y in the x-variables. 
See Kohn and Nirenberg [7] and Friedrichs [4] for more details. 
By dr, r any non-negative integer, we mean an arbitrary homogeneous 
operator of order r, which is a partial differential operator in t and a pseudo- 
differential operator in x, 
Dm = \’ D”. 
b-i=l?l 
(u, v) is the L, scalar product of u and u. (IuIl is the corresponding L, norm 
of U. 111 u])]~ = j,’ )I u II2 ek(‘-T’z d t, where 1) . )I is the L, norm in the x-variables. 
H,, is the Hilbert space with norm Ilull:, = 1 (1 + ItI’)’ lG(<)\’ dr, where u’ is 
the Fourier transform of U. E’ is the space of distributions with compact 
support. 
Since t = 0 is non-characteristic at the origin with respect o P, we may 
assume that the coefficient of Dy in P, is 1. 
It is convenient o make a local transformation of variable so that the 
surface t = 0 becomes transformed to a convex surface S: t = 6 CT=, (xj)‘, 
where 6 > 0 is constant. The condition that we will require will depend on 
the roots r of p,(x, t, <, r) in these new variables. We shall consider below 
the operator P in a somewhat more general form; precisely we shall suppose 
that P can be represented in the following form 
P(x, t, D,, D,) = 07 + f! Rj(x, t, D,) D’:-‘, 
,z 
where the Rj are pseudo-differential operators in the x-variable of order j, 
varying smoothly in t. 
2 
(Compare with Zeman [3, Section 21.) 
We shall now describe the conditions which will be sufficient for the 
uniqueness of the Cauchy problem. The first condition deals with the charac- 
teristic roots Aj(x, t, t;) of P&X, t, & t). 
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CONDITION 1. We allow A#, r, 5) to belong to the following classes: 
Class (A): For r > 0 and It/ = 1, Aj = aj + ibj satisfies for all (I, t, c), 
0 <t < T, for some fixed T which will be designated later, one of the 
follpwing: 
(i) bj > 0, 
(ii) bj < --E, 
(iii 1 bj, G Ci = I (ajl,bjx, - Qjx, bjl,). 
Here E is a fixed positive constant. 
Class (B): Aj(x, t, <) is non-real for all (x, t, 0, 0 < t < T and [(I = 1.’ 
Notation. Let ai = D, - ,Ii(x. t, D,). Then we say that ai E (A) and 
;li E (II), respectively, if Li(x, t, r) belongs to class (A) and lj(x, t, ) belongs 
to class (B), respectively. 
Remark 1. The condition that the characteristic roots belong either to 
class (A) or to class (II) is first found in Nirenberg 191. Some condition such 
as this, which restricts the manner in which real roots can become complex, 
seems to be needed for the uniqueness of the Cauchy problem. Theorem 8.9.2 
in Hormander [6] contains an example in R2 of the form 
h/at + ia(x, f) &/8x = 0, with v E 0 for t < 0, 
but v # 0 in any neighborhood of the origin; the function is a real P 
function which changes sign infinitely often near the origin. 
A condition similar to that found in class (A)(iii) is given by Hormander 
[6]. He describes the operators which satisfy this condition as principally 
normal. This condition is extended by Menikoff [IO]. Another condition 
similar to (iii) is given by Kumano-go [8]. 
’ A condition equivalent to Condition 1 is: 
CONDITION 1’. We allow Lj(x, r, 0 to belong to the following classes: 
Class (A): For I > 0 and 151 = 1, 1, = a, + ibj satisfies for all (x, r, l), 0 ,< I < 1 
some fixed T which will be designated later. one of the following: 
(i) Ib,lZc>O. 
(ii) bj > 0, 
(iii) bj, Q XII= 1 Cujl,bjx, - Qj,,bj,). 
Here E is a fixed positive constant. 
Class (B): L,(x, r, 5) is non-real for all (x, I, 5). 0 < t < T and /GY = 1. 
“, for 
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The next condition that we will require is designed to assure that we may 
smoothly factor p, in the form 
Pm(X, fY 6 5, = fl (5 - ni(xY f9 t)), 
i= I 
and also that we may commute the factors [r - ~Jx, t, c)]. With these 
requirements in mind, we ask that 
CONDITION 2. The roots Ii(x, t, 0, 1 < i < m, are of class Cm-’ in I, and 
C” in x and < for ]<I # 0. 
Remark. Some kind of smoothness condition of this sort seems to be 
needed to assure uniqueness. Plis [5] has given an example of a fourth-order 
equation with real C” coefficients which has non-trivial solutions which 
vanish in a half-plane. An examination of Plis’ counterexample shows that 
the characteristic roots have unbounded partial derivatives near the initial 
surface. 
At first, let us introduce the following construction. Let 
6 = (6, )...) 6,) 
be some order in the set (l,..., m), i.e., 
Si#Sj for i#j and 1 < ai < m for each i. 
Then for each 6 E B (where B is the set of all such 6) construct a pseudo- 
differential operator 
p’ = p) = a m 61 * *.. - a& (2.1) 
and for each 6 E @ form a one-dimensional module Sg!, over Li with the 
generator 
So for each 6 E G? and each j = l,..., m, we can choose a generator 
of one-dimensional module Sj6) over Lz. 
Let G’ c Q form a module S,(G’) over Li in the following may 
S,(W) = u sy. 6E2’ 
(2.2) 
Now we are able to formulate the conditions on low-order terms. 
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CONDITION 3. Assume that there exist 8’ E @ such that for each 
6 E 2”’ the following holds: 
P(x, t, D, , D,) = ZZ@’ + c Pg’ j, 
j=l 
where Pzlj E S,-j(g’), j = 1, 2,..., m. 
3 
The main result of this paper is 
THEOREM 1. Suppose t = 0 is non-characteristic at the origin with 
respect to the operator P = P, -I- P,-, -I- . . . , Suppose that P, satisfies 
Conditions 1 and 2 and P satisfies Condition 3 for G’ c 8. Then, if 
u E Hi, where 
Q’=((x,t),O<t<T), 
suchthaturOfort<OandPu=Ofort<T. Thenu=Ofort<T. 
To date, the essential tool in uniqueness proofs has been a weighted Lz 
inequality analogous to an L, inequality used by Carleman [2]. Our version 
of Carleman’s inequality is given by 
THEOREM 2. Suppose t = 0 is non-characteristic at the origin with 
respect to the operator P. Suppose P, satisfies Conditions 1 and 2, and 
suppose P satisfies Condition 3. Then there is a constant C independent of u 
such that for T, k-’ suflcientiy small, the following inequality holds: 
K”Ill~ll12~ClllP~ll12 for u E Cr(l2') 
where f2’ = ((x, t), 0 & t < T). 
Remark. The theorem is proved for u E C?(D), where R’ = 
((x, t): 0 < t ,< T) is a strip. Hence, it is not necessary to restrict R’ to 
{(x, t): 0 < t Q T, 0 < 1x1 < r), a small neighborhood of the origin, as is 
required in Nirenberg [9]. 
Theorem 1 follows immediately from Theorem 2 (the proof coincides with 
the proof of Theorem 1 of Zeman [ 3 ] or with the proof of Theorem 5 of 
Nirenberg [ 9, p. 3 1 I). 
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4 
In this section we will state the basic lemma [ 1,9] for the proof of the 
Carleman estimates found in Theorem 2, and prove Theorem 2. 
LEMMA 4.1. Suppose 2,E (A) or aiE (B). Then for T and km’ 
suflciently small, the following inequality holds: 
for u E C?(Q), where R’ = ((x, t), 0 < t < T} with C independent of k, T 
and u. 
LEMMA 4.2. The following inequality holds for suficiently small k-t, T 
k”-j ,,,sj% jjj* < C lIIsj,d’u/jj2, 
for some constant C where ~2’ = IL’“‘, sj”’ generator in the module Sj6’. 
The proof fbllows immediately from Lemma 4.1, as 
sj”:, = ai . $6’ 
where ai E (A) or ai E (B). 
LEMMA 4.3. The following inequality holds for sufJiciently small k-t: 
km 111~1112 G C Ill~‘d’4112 
for any 6 E D and for any u E C”. The proof follows immediately from 
Lemma 4.1. 
LEMMA 4.4. Suppose P, satisfies Conditions 1 and 2 and t = 0 is non- 
characteristic at the origin with respect to the operator P. Suppose P satisfies 
Condition 3. Then the following inequality holds: 
8;D, Ill~‘s’~ll12 G c IIIPU Ill2 
where C does not depend on u. 
Proof From Condition 3, it follows that 
pu = fl(S’u + + p@’ .u 
JT 
m--l 
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and 
Pg’ j E s, JF) for each 6 E D’. 
The last condition means that 
where a, E L: and sglj are the corresponding generators of modules Sc!j* 
Thus for each 6 E 8’: 
a6 . Sz!jU 
where ad E Lz. Thus, 
From Lemma 4.2, 
Now summarizing by 6 E Q’, -we obtain 
for T and k-’ are small enough. Thus, for sufticiently small T and k-’ 
Proof of Theorem 2. Now it is easy to prove Theorem 2 (see Section 3). 
From Lemma 4.3, we have 
k” IJ/ullJz < C 111~‘6’4112 < C ,TD, Ill IP~ 1112- 
From Lemma 4.4, we can conclude that 
km I()u([(~ < C F- I(lA%lll’< c’ IiIPuIiI*. 
Sz ’ 
Examples 
(1) 
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5 
-2 d a2 
pm=z-t2p m = 2. 
= [ (-&4($+r.3] =2-g, 
i.e., Zeman’s condition 
[A,A,]=aA,+bA,+c 
where a, b, c E L!J is not met. 
For D’ = (1,2) there is uniqueness for equations of type 
For D’ = (2, 1) there is uniqueness for equations of type 
(2) 
[ 
2 
&-t’&$+(O(x,I) ($+$)] u=o. 
P,=$+(f+x)&+fx-g, m=2 
A, =--t&9 A, = -A?(, 
n,n,=g+(r+x) 
2 1 
&+*x$+t$ 
A,A, = g + (t + x) &+lx-g+-$ 
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i.e.. Zeman’s condition is not met. 
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For D’ = ( 1, 2) there is uniqueness for equations of type 
[ P,+f$+P(f,x) ($+f$)]u=o. 
For D’ = (2, 1) there is uniqueness for equations of type 
[ P*+~+co(f,x) (;+x-g)] u=o. 
Remarks 
(1) Let r be a maximal multiplicity of the roots. If D’ = D, it is 
sufficient to assume that Condition 3 is satisfied for the terms of the order 
m - (r - 1). In the general case it is impossible to find a boundary better 
than the one given in Condition 3 (till 1). For example, if the roots 
1 ,,-,.+,,..., 1, are equal to zero at the same point, and D’ includes all the 
permutations in (l,..., m-r) and (m -r + l,..., m), but does not transpose 
them. 
(2) Let 6 = (i ,,..., i,) E W and ai,, a,,, , satisfy (0.1). Then 6’ = 
(i, ,..., i,-,, ik+ ,, ik,..., i,) can be added to it and Condition 3 will be satisfied 
for G’ U {S’ } if it was satisfied for G’. 
(3) If for any 6, 6’ which are included in GS’, the transition from 6 to 
6’ by simple permutations is also included in G?’ and (0.1) is true, then 
Condition 3 is also satisfied. If 8’ = G, then Condition 3 coincides with 
Condition (V) of Zeman and in the case when m = 2, with the condition 
(0.1). 
(4) In Zeman’s paper [3], ai are considered from the class (A)(i) only. 
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